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Abstract. We reinvestigate numerically the classic problem of two-dimensional superfluid
flow past an obstacle. Taking the obstacle to be elongated (perpendicular to the flow),
rather than the usual circular form, is shown to promote the nucleation of quantized vortices,
enhance their subsequent interactions, and lead to wakes which bear striking similarity to
their classical (viscous) counterparts. Then, focussing on the recent experiment of Kwon et
al. (arXiv:1403.4658) in a trapped condensate, we show that an elliptical obstacle leads to a
cleaner and more efficient means to generate two-dimensional quantum turbulence.
1. Introduction
A prototypical example in classical (viscous) fluid dynamics is the incompressible flow past a
cylinder, depicted in Fig. 1. The nature of the flow is determined by the Reynolds number
R = vd/ν, where v is the flow velocity away from the obstacle, d is the obstacle diameter, and
ν is the fluid’s kinematic viscosity. For R . 5 the flow is laminar around the obstacle. For
5 . R . 50 a steady symmetric wake forms downstream of the obstacle. For 102 . R . 105
the wake becomes asymmetric and time dependent, forming the famous Be´nard–von Ka´rma´n
vortex street structure. At even higher R, the wake becomes turbulent.
Figure 1. Classical viscous flow past a cylinder. From left to right: laminar flow (R = 3.64) [1];
steady symmetric wake behind the cylinder (R = 41) [1]; time-dependent Be´nard–von Ka´rma´n
vortex street (R = 112) [2]; and chaotic downstream wake (R > 105) [3].
In a superfluid the situation is fundamentally different [4]. There is no viscosity so a Reynold’s
number cannot be defined. Landau’s criterion states that dissipation through elementary
excitations kicks in only above a critical velocity; for the dilute Bose gas relevant here this
critical velocity is approximately the speed of sound. Meanwhile, where eddies do exist in the
fluid, they are constrained by quantum mechanics to possess quantized vorticity and circulation.
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In their pioneering simulations of the 2D nonlinear Schro¨dinger equation (NLSE), Frisch et al.
[5] showed that superflow past a circular obstacle becomes dissipated through the nucleation of
quantized vortices at the object, which then get carried downstream.
Atomic Bose-Einstein condensates provide a clean and highly controllable vehicle for studying
superfluid phenomena, from persistent currents [6] and Josephson junctions [7] to quantized
vorticity [8] and quantum turbulence [9, 10, 11, 12]. Various experiments have probed the
response of the condensate to a moving obstacle [10, 11, 13, 14, 15]. The obstacle in these cases
takes the form of a repulsive Gaussian-shaped potential created by a blue-detuned laser beam. Of
these experiments, [10, 11] employed a highly flattened condensate such that the dynamics were
effectively two-dimensional and provided a close analog of the cylindrical problem. Moreover,
they employed this scenario to generate two-dimensional quantum turbulence, a dynamical state
of the condensate characterized by a statistical distribution of excitations over a large range of
lengthscales.
In the mean-field picture, such a 2D condensate can be parameterized by a macroscopic
wavefunction ψ(x, y, t) whose behaviour follows the 2D Gross-Pitaevskii equation [16],
i~
∂ψ
∂t
=
(
− ~
2
2m
∇2 + V (x, y, t) + g|ψ|2 − µ
)
ψ. (1)
Here g = 4pi~2as/
√
2pilzm is a nonlinear coefficient arising from the contact atomic interactions,
with as being the atomic s-wave scattering length and m the atomic mass, µ is the chemical
potential of the condensate, and V (x, y, t) specifies the potential exerted on the condensate.
Whereas Frisch et al. [5] considered a “hard” cylinder, it is more natural in the context of
atomic condensates to employ a “soft” Gaussian potential of the form V (x, y) = V0e
−(x2+y2)/d2 ,
where d and V0 parameterize the width and amplitude of the potential. In practice this changes
the quantitative, but not the qualitative, behaviour. Sasaki et al. [17] recently provided an
extensive picture of 2D superflow past such a Gaussian obstacle. The flow regimes are depicted
in Fig. 2, based on simulations of the 2D GPE using similar parameters to [17]. At low flow
velocity [(a)], the fluid undergoes smooth laminar flow around the obstacle. The streamlines of
this flow are symmetric about x = 0, as in perfect potential flow. At a critical flow velocity, the
local fluid velocity (which is highest at the poles of the obstacle) exceeds the speed of sound,
breaking Landau’s criterion. Vortex pairs of opposite sign are nucleated periodically and drift
downstream, forming a collimated wake of vortex pairs which are widely separated from each
other [(b)]. For higher velocities, alternating pairs of like-signed vortices are nucleated [(c)]. At
higher velocities, vortex nucleation becomes highly irregular [(d)], forming a chaotic downstream
distribution of vortices and sound (density) waves. These quantum fluid flow patterns bear some
analogy to the classical flow patterns of Fig. 1, particularly for the laminar flow and chaotic
regimes. The alternating like-signed vortices form a somewhat primitive analog of the Berna´rd-
von Ka´rma´n vortex street, while the vortex-antivortex pairs have no obvious classical analog.
In this work we discuss the rich variety of quantum wake regimes, often in close analog
to the classical counterparts, which can be obtained via the simple modification of the
obstacle to an elliptical shape. In other words, we employ an elliptical potential of the form
V (x, y) = V0e
−(ε2x2+y2)/d2 , where ε is the ellipticity. This is readily achieved experimentally
by using cylindrical focussing (rather than spherical focussing) of the laser beam which induces
the potential. First, we explore these dynamics in a homogeneous system, which serves to
demonstrate the salient behaviour of superfluid flow past an elliptical obstacle, away from
boundaries and trap-induced density inhomogeneities which also influence the vortex dynamics.
Then we consider the realistic scenario provided by the recent experiment of Kwon et al. [11],
and investigate how the dynamics therein are modified by an elliptical obstacle.
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Figure 2. Condensate density during flow (in the positive x-direction) past a circular obstacle
(d = 5ξ) at various flow speeds. Yellow/black represent high/low density. For reference the
critical velocity here is vc ≈ 0.36c. (a) Laminar flow at a sub-critical flow speed (v = 0.3c).
The fluid velocity vector field and two streamlines illustrate the flow pattern. (b) Nucleation
of vortex-antivortex pairs (v = 0.365c). (c) Nucleation of like-signed vortex pairs (v = 0.37c).
(d) Chaotic vortex nucleation and generation of strong sound waves, forming a turbulent wake
(v = 0.9c). Length and speed are expressed in terms of the healing length ξ = ~/√mn0g and
speed of sound c =
√
n0g/m.
2. Flow Past an Elliptical Obstacle: Homogeneous Condensate
In the following we simulate the 2D GPE for an untrapped 2D condensate with uniform density
n0, flowing at speed v along x (modelled via the addition of a Galilean term i~v
∂
∂x
ψ to the
right-hand side of the GPE (1)). A static elliptical obstacle potential, elongated in y (ε > 1)
and with arbitrary size d (expressed in terms of the healing length ξ = ~/√mn0g), pierces the
condensate. Further technical details are provided elsewhere [18]. Note that the qualitative
behaviour in insensitive to additional noise.
In the following we describe the behaviour at increasing flow speed v. At sub-critical speeds,
the condensate undergoes laminar flow around the obstacle, much like for the circular obstacle
[Fig. 2(a)]. However, due to the decreased radius of curvature at the poles of the obstacle,
the local fluid velocity is higher there than for the circular obstacle. As such the critical
velocity is reduced with increasing ε, as revealed by GPE simulations (data points in Fig.
3). Approximating the BEC as an inviscid Euler fluid, the maximum local fluid velocity is
vmax = (1 + ε)v, which will exceed the speed of sound c at a critical flow speed vc = c/(1 + ε).
Despite its crudeness, this approximation (black dashed line in Fig. 3) predicts the correct
scaling with ε. Inclusion of higher-order effects, e.g. the reduction of density around the obstacle
due to the raised fluid speed (Bernoulli’s theorem) [19, 18], bring the model into more precise
quantiative agreement (red solid line in Fig. 3).
For v > vc the ellipticity also increases the rate at which vortices are nucleated. Importantly, a
large vortex nucleation rate implies that vortices are close together and thereby interact strongly.
(For the circular obstacle, while a higher rate of vortex shedding can be achieved by using a
faster flow, this also carries the vortices downstream more quickly, and so the vortex interactions
1 1.5 2 2.5 3
0.2
0.25
0.3
0.35
0.4
0.45
ε
v c
/c
Figure 3. Critical velocity against obstacle ellipticity ε (d = 10ξ) according to GPE simulations
(blue bars), the Euler prediction vc = c/(1+ε) (black dashed), and the corrected Euler prediction
[19, 18] (solid red).
are not significantly increased.)
The rapid nucleation of vortex-antivortex pairs leads to a cluster of vortices in the one half-
plane and antivortices in the other half-plane [Fig. 4(a)]. In each cluster, the same-sign vortices
tend to corotate around each other, such that the cluster approximates a macroscopic vortex. A
steady-state is reached whereby the freshly-nucleated vortices entering the clusters is balanced
by vortex pairs which escape the cluster downstream. The close analogy to classical flow becomes
apparent in plotting the trajectories of the vortices [Fig. 4(c)]; two symmetric lobes of circulating
vortices are revealed, in striking similarity to the symmetric classical wake in Fig. 1.
While the above flow pattern is symmetric in y, it is dynamically unstable to the formation of
(a) (b)
x/ξ
y/
ξ
150 200 250 300 350
−40
−20
0
20
40
x/ξ
y/
ξ
150 200 250 300 350
−40
−20
0
20
40
(c) (d)
150 200 250 300 350
−40
−20
0
20
40
x/ξ
y/
ξ
150 200 250 300 350
−40
−20
0
20
40
x/ξ
y/
ξ
Figure 4. Condensate flow (v = 0.52c) past an elliptical obstacle (d = 5ξ, ε = 3).
(a) Symmetric wake. (b) Asymmetric wake. (c) Time-integrated vortex trajectories for the
symmetric wake. (d) Vortex positions for the asymmetric wake shown in (b). Red and blue
represent vortices of opposite circulation.
an asymmetric pattern. A typical snapshot of this is shown in Fig. 4(b), with Fig. 4(d) indicating
the corresponding position and circulation of the vortices. This pattern is characterised by the
nucleation of several like-signed vortices from one pole of the obstacle, followed by nucleation of
several vortices of the opposite sign from the opposite pole. The result is a wake consisting of
alternating clusters of like-signed vortices. The number of vortices in each cluster increases with
increasing v, d and ε. This wake is a strongly analogous to the classical Be´nard–von Ka´rma´n
vortex street shown in Fig. 1(c). Indeed, if one imagines course-graining over the clusters, one
obtains a flow pattern of the form of the Be´nard–von Ka´rma´n vortex street. At even higher flow
speeds, the vortex nucleation becomes irregular, forming a chaotic wake like that presented for
the circular obstacle in Fig. 2(d).
Overall, we see that the superfluid flow past an elliptical obstacle leads to four flow pattern
regimes, each of which is bears striking analogy to the classical viscous cases depicted in Fig.
1. These findings confirm the intuition that a sufficiently large quanta of vorticity/circulation
reproduces classical results.
3. Flow Past an Elliptical Obstacle: Trapped Condensate
Next we explore superfluid flow past an obstacle within a trapped condensate. We follow the
recent experiment by Kwon et al. [11], which employed a highly-oblate and effectively 2D
condensate with 1.8× 106 23Na atoms. The in-plane harmonic trapping is circularly symmetric
Vtrap(x, y) =
1
2mω
2
r (x
2 + y2) with radial frequency ωr = 2pi × 15 Hz. A blue-detuned laser
obstacle (V0 = 15µ and d = 10.6µm) pierces the condensate at the origin, following which the
harmonic trap is shifted by 37µm in x at speed v. For reference, the speed of sound at the trap
centre is c0 =
√
n0g/m ≈ 4.6 mm/s (where the 0-subscript denotes peak values), decreasing
further out in accord with the decreasing density as c(r) = c0
√
n(r)/n0. The laser obstacle
is then adiabatically removed over 0.4s. As observed experimentally [11], and consistent with
GPE simulations [20], vortices become nucleated for v >∼ 0.5mm/s, with the number of vortices
generated increasing as v is further increased.
First we consider the circular obstacle employed in the experiment with v = 1.4 mm/s, with
the condensate evolution depicted in Fig. 6. The translation of the trap initiates a centre-of-
mass mode of the condensate. As the condensate first “sloshes” to the left past the obstacle, a
large number of vortices are nucleated in an irregular manner from each pole (53 ms). Significant
energy is also driven into sound (density) waves, shock waves and shape excitations, which are
visible in these plots. Before the vortices are washed far downstream, the condensate sloshes
to the right, generating further vortices and mixing together the old and new vortices (80 ms).
This process repeats several times as the condensate sloshes. When the obstacle is removed a
disordered arrangement of vortices is apparent (0.5 ms). This is consistent with the experimental
observations, and synonymous with a state of two-dimensional quantum turbulence. Following
this, there is a slow decay in the vortex number. In our simulations, which are free of dissipation,
this occurs through the annihilation of vortices of opposite circulation; experimentally [11],
and in the presence of dissipation terms to the GPE [20], vortices will also undergo thermal
dissipation whereby they drift to the condensate edge and are lost.
We now consider the case where the circular obstacle is replaced with an elliptical one (with
ε = 3) and (for reasons to be made evident shortly) a reduced speed v = 0.8 mm/s. The vortices
are now nucleated in a regular fashion, forming two clusters of like-signed vortices (53 ms), much
like in the homogeneous system. No strong sound waves are visible in the condensate. As the
condensate changes direction, again two like-signed clusters are formed, but now with alternate
polarity (80 ms). Over time, these vortices mix together, and once the obstacle is removed, the
condensate and vortex distribution is similar to the circular case. Indeed, the number of vortices
in the condensate is essentially identical for both cases (∼ 80 vortices), despite the reduced speed
for the ellipse.
000 ms 053 ms 080 ms 202 ms
398 ms 0.5 s 1.0 s 8.0 s
Figure 5. Condensate flow past a circular obstacle with speed v = 1.4mm/s, following the
experiment of Ref. [11]. Each field of view is of size [170µm]2, centered to best display the
condensate. Vortices with positive (negative) circulation are highlighted by red circles (blue
triangles).
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Figure 6. As for Fig. 6 but with an elliptical obstacle (ε = 3) and a speed v = 0.8mm/s.
At the same speed v, the elliptical obstacle will typically generate a larger number of vortices
than the circular obstacle. For example, for v = 0.8 mm/s, the ellipse and circle generate
approximately 80 and 60 vortices, respectively (measured following removal of the obstacle).
However, for sufficiently high speeds (v >∼ 1 mm/s) the enhancement due to the elliptical obstacle
diminishes; in both cases the number of vortices driven into the condensate saturates. This
suggests that for a given condensate there exists a natural maximum vortex density which can
be supported. This limit is likely to be imposed by the quadratic increase of vortex annihilation
events with vortex density [11], which will act to cancel out the freshly-nucleated vortices.
4. Conclusions
Through simulations of the GPE we have examined two-dimensional superfluid flow past an
elliptical, rather than a circular, obstacle. This simple and experimentally feasible modification
enables control over the critical speed for vortex nucleation, the vortex nucleation rate, and the
ensuing vortex interactions. For an ellipse which is elongated perpendicular to the flow, the
enhanced vortex interactions promote the formation of quantum wakes (composed of multiple
singly-charged vortices) which closely resemble those of classical (viscous) flow past a cylinder.
Our observations [18] suggest the emergence of classical behaviour from the presence of a
sufficient number of quanta
When incorporated into the experimental scenario of Ref. [11], such classical-like wakes are
formed initially but become disrupted by the limited size and sloshing mode of the system.
Employing a condensate which is elongated in the direction of translation would promote the
formation of longer-lived vortex clusters, and provide an experimental route to study these
wakes and more general coherent structures of quantized vortices [21, 22]. Meanwhile, for the
purposes of generating two-dimensional quantum turbulence, the elliptical obstacle allows for
more efficient (more vortices for a given speed) and cleaner (reduced disruption due to sound
and shock waves) nucleation of vortices.
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